Abstract
Introduction
One of the important parameters of fracture mechanics is stress intensity factor (K). This shows the strength of the cracked sample against crack expansion. When a cracked specimen is subjected to external load, a high stress concentration around tip of the crack occurs. When this stress concentration at the tip of the crack reaches its critical limit, the specimen fractures and the corresponding stress intensity factor of this critical stress are called the plane strain fracture toughness (K IC ) which is among the constant properties of materials. To calculate the stress intensity factor in experimental samples, the shape factor (F) should be obtained which is very important and depends on the geometry of the sample and the relative crack length. Few studies have been carried out on calculating the optimized shape factor (F). Determining the toughness of materials requires advanced tensile-bending lab equipment and researchers have always tried to devise simple experiments to obtain the toughness of materials in the lab. Therefore, the main goals of this study are to obtain the stress intensity factor (SIF) of the edge cracked semicircular disc under uniform compressive load (ECSD(UC)) and to calculate the optimized shape factor. Given the importance of crack expansion in different materials, researchers have always been striving to calculate the toughness and stress concentration at the tip of the crack. Westergaard [1] proposed imaginary equations for analyzing and calculating stress at the tip of the crack under different failure modes. Wang and Xing [2] , using the Brazilian disc, studied the toughness of brittle materials such as stone under the first mode of failure (K I ). Ayatollahi et al [3] studied the toughness of the second mode (K IIc ) of brittle material by performing the three-point bending test on the cracked semicircular disc. Lim et al [4] to evaluate the toughness of soft rock under a mixed-modes fracture conducted the threepoint bending test on the cracked semicircular disc. Surendra and Simha [5] presented a new experimental sample to determine the toughness of the first mode of brittle materials such as stone, glass, and ceramic under compressive load. Atkinson et al [6] investigated different modes of experimental samples and by compromising the results with the numerical results of the finite element method, proposed a relationship for the stress intensity factor under mixed modes fracture. Akbardoost et al [7] , using the finite element method, calculated the variables of the crack tip including K I , K II and the constant coefficients of the third terms in Williams series expansion(A3,B3) for the holed-cracked flattened Brazilian disk (HCFBD) under a wide range of mixed-modes I,II. Aliha and Ayatollahi [8] assessed the toughness of brittle material, such as stone, using the cracked chevron notched Brazilian disc (CCNBD) under the combination of the first and the second failure modes. Also, based on the experimental results, they proposed an equation to calculate the toughness of the first and the second modes. Ayatollahi and Zakeri [9] improved the definitions of the first and second failure modes by taking into account T-Stress. Wei et al [10] investigated the failure toughness of the first mode of stone using the semicircular three-point bending disc (SCB). Gludovatz et al [11] investigated the effects of cooling speed and processing environment of melted metal on the failure toughness of metallic glass. Noury and Eriksson [12] investigated the cracked roller supports underneath bridges subjected to compression using a 2D finite element model. Zhu and Joyce [13] provided a thorough review on methods for testing toughness and design of samples, geometric properties, and standardizing the parameters and the properties of the tested materials. Dong [14] studied the effect of relative crack length and loading angle error on the Brazilian disc under combined failure modes. Using the finite element method, Dong et al [15] assessed the dynamic toughness of brittle materials by employing the Brazilian disc model. Maigre and Rittel [16] probed the dynamic toughness of materials subjected to compressive load under combined failure modes and the use of finite element method. Bui et al [17] proposed an exact theoretical method for calculating the dynamic stress intensity factor. Albinmousa [18] presented the shape factor of the edge notched tension specimen with limited width and under combined first and second failure modes. Keles and Tutluoglu [19] provided the equation of the shape factor of the first mode of the flattened Brazilian disc under compressive load. In addition to the abovementioned studies, the toughness of materials under fatigue loads was also investigated [20] [21] [22] [23] .
Despite extensive experience and numerous specimens for determining the toughness of materials, there is always the need for newer designs. In this study, the toughness of brittle materials is determined by subjecting edge cracked semicircular disc to uniform compressive load (ECSD(UC)). The goal is to propose an equation for the stress intensity factor based on the shape of the sample. Thus, by altering the length of the crack and the thickness of the sample, an equation for calculating the shape factor of the ECSD(UC) is presented. Compressive disc samples can be widely used in determining the stress intensity factors of brittle materials like ceramics, stone, and glass.
Mechanical and Geometric Properties of the Samples
The Photo-Elastic samples were made of Perspex epoxy resin material which have the Young's modulus (E), the Poisson's ratio (υ) and a fringe constant ( f σ ) of 3000 MPa, 0.33, and 11772 Pam/fringe, respectively. The thickness of the samples, the radius of the disc, and the load applied to all the samples are 6 mm, 30 mm, and 395 N, respectively. The view of the Surendra [24] experimental model under compressive concentrated load is displayed in Figure 1 . In this study, to investigate stress lines in Photo-Elastic materials, a semicircular disc also known as the Brazilian disc with a hypothetical crack with the length 2a = 2R was used. Each fringe pattern in Photo-Elastic materials under compressive load, abides by the following equation:
In Photo-Elastic materials, considering the fringe order N and the properties of the Photo-Elastic material, stress is defined by the following equation:
In the above equations, N, t, and f σ are order of the fringe, the thickness of the samples, and the fringe constant of the Photo-Elastic material, respectively. Based on equations (1) and (2) , in Zeroth order fringe (ZOF), the shear stress is zero. Figure 2 .b displays the isochromatic fringe pattern in the semicircular disc. The Zeroth order fringe (ZOF) is between the inner edge and the outer arc and it can be seen that 1/3 of the area close to the outer edge is under tension. Therefore, by creating a small and horizontal crack on the outer arc of the disc,
it can be ensured that the tip of the crack is under tension and the expansion of the crack is under the first mode. To determine the exact location of the ZOF on the horizontal radius, the normal stress in the X and Y directions must be plotted. So, a three-dimensional model of the semicircular disc was created in the ANSYS software and the three-dimensional element Solid186 was used for the analysis. The numerical results of the normal stresses σ x and σ y along the direction of the horizontal radius are given in Figure 3 . The σ y normal stresses along the length of the horizontal radius of the disc from the vertical edge are compressive and follow a declining trend and reach zero at approximately 18.5mm from the vertical edge. From that point toward the end of the disc, the stress is tensile and in an increasing trend. So, considering the pattern of the σ x normal stress, Figure 3 .a and the Eq.(3) equation, show that the location of the ZOF crosses the point where the two normal stresses intersect (σ x = σ y ). By considering Figure 3 .a, it can be observed that point P(σ x = σ y ) occurs at 16.9 mm away from the vertical edge and the Zeroth order fringe goes through this point. In the experimental investigations conducted by Surendra [24] , this line crosses a point, 17.1mm away from the vertical edge. The difference between the location of point P in the numerical and experimental models is probably due to the nature of the point load in the numerical model; whereas in the experimental model, the applied pressure to the sample increases, the area over which the load is applied and also the support increase as well and the load exits its concentrated state and follows the Hertzian distribution [25] .
To ensure the location of point P, the semicircular disc ( The geometric location of the ZOF can be determined by setting σ y = 0. In this location, no shear stress is present and based on the theoretical solution, the amount of normal stress σ x is equal to zero. Therefore, the geometric location of the ZOF can be obtained using equation (5): Using the analytic approach, the location of the Zeroth order fringe is obtained as the equation of the ellipse, where the small diameter of the ellipse rests on the X axis and is given by
, which is the analytic location of point P. By comparing the analytical and numerical results, it becomes clear that the range for point P for N = 0 has been correctly calculated. 
4 Finite element modeling To model the edge cracked semicircular disc (ECSD), the three-dimensional Solid186 element was used. This element incorporates 20 nodes with 3 transitional degrees of freedom for each node and is capable of solving singularity and is suitable for modeling the crack tip. Considering the recommendations given by researchers and the user's guide of the software, the radius of the circle made by the elements of the first row on the tip of the crack is at always L a e ″ 8 . In Figure 5 , the view of the finite element model, the meshing and the ECSD with a 9mm crack are shown. To ensure the validity of the results given by the ANSYS software for the K I , the results of the experiment conducted by Surendra [24] were employed. Two Photo-elastic Perspex epoxy resin ECSDs with the radius of 30 mm and a thickness of 6 mm, with cracks of lengths 9 and 11 mm were tested by Surendra [24] (Figure 6 ). Considering the pattern of the stress lines in the cracked semicircular disc under a 395 N uniform compressive load, it is evident that the tip of the crack is under internal tensile force and is opening up. Given the fact that the crack is on the symmetry line of the disc, then, theoretically, the first mode should be the dominant mode. However, a small amount has been recorded for the second mode in the lab (Table 1) . Correctly applying the load can be really influential in the accuracy of the results. Theoretically, git is assumed that the load is being applied as a point load on the ECSD, but in reality, the location on which the compressive load is being applied and also the support, is compressed and enlarged. Therefore, the load was applied to the sample using the Hertzian distribution so that the load can be more realistic. The compressive load, following a declining trend and with the Hertzian distribution, was applied to the upper nodes of the model. The load applied to each node has been determined through the (6) equations. When compressive load is applied to the samples in the lab, up to an angle of approximately four degrees β = 4˚, the location on which the load is being applied and the support contribute to the load distribution and thus, in the numerical model with the Hertzian distribution and from the outer edge of the disc, the compressive load is decreasingly applied to the nodes. The compressive load applied to both samples is equal to 395 N. According to Figure 6 and by comparing the fringe pattern of ECSD with a = 9mm, a good agreement can be seen between the numerical and the experimental models and the numerical models can almost be trusted. But, to guarantee the results of the numerical model, the K I should be compared in both the numerical and the experimental models.
To calculate the K I in the 3D numerical model, given that stress distribution changes along the thickness of the sample from the outer edge toward the inner area, it is important to select the appropriate section to calculate the stress intensity factor. No stress exists on the boundary on both sides of the outer edge of the crack and a state of planar stress is therefore 
created. However, by moving away from the edge of the disc the tri-axial state of stress gains more significance. So, in Figure 8 , if we move, with the index S, toward the coordinate with the index I, the behavior of the section shifts from planar stress to planar strain. Given that displacement is greater in the planar stress areas, stress concentration occurs on the inner areas with higher stiffness. So, the midpoint of the section t 2 was used in the numerical models to calculate the stress intensity factor. Figure 8 .b illustrates the K I along the thickness of the disc with a 9 mm crack. In numerical problems, the computational cost and the margin of error are always important factors, therefore a 2D model of the ECSD was also created so that the results could be compared to those of the 3D model and a conclusion can be made, based on computational cost and accuracy required, on which model yields the best results. The values for K I for the numerical Table 1 and experimental models are given. Comparing the relative error of the K I of the two numerical models with the experimental model makes clear that the 3D model is a lot more accurate because it incorporates almost every aspect of the sample's behavior. But, in the 2D model, in which modeling is in the form of either plane stress or plane strain, a certain stress/strain is neglected. So, the 3D model of the ECSD will be used so that numerical results be closer to reality. 
Results
Considering that obtaining the K I is of high importance, researchers have always tried to devise experiments to obtain the toughness of materials. The tests for obtaining the stress intensity factor often involve subjecting the sample to tensile or bending loads and this requires special lab equipment. Surendra [24] , however, presented a simple and quick way for evaluating the toughness of the first mode by subjecting the edge cracked semicircular disc (ECSD) to compressive load. Since placing a semicircular disc under a compressive actuator is statically difficult, therefore by rounding semicircular arch at loading and support locations, the sample under the actuator becomes static and load is applied to the disc uniformly and pressingly. Figure (9) shows a perspective of the proposed model under uniform pressing load. 
Assessing the ECSD(UC) with Constant Thickness
By assuming that angle β changes from 0 to 10 degrees with 1 degree increment, the length of the crack (a) changes from 1 mm to 29 mm with 1 mm increment, and a constant thickness of 6 mm K I is evaluated. Figure 10 , it can be construed that K I increases as β decreases and the reason is that the tensile area on the edges of the semicircular disc was decreased. Also, at a certain angle, as the length of the crack increases, K I first increases and then decreases. The decrease is due to the tip of the crack approaching the compressive zone of the disc which prevents the crack tip from opening. The β = 0˚ in the graph represents the limit state and since it is the state in which a point load has been applied and the value of K I is purely increasing, no other line in the graph should intersect with the zero limit state line. Also, it is clear from Figure 10 that when the value for K I equals zero at a certain angle, the corresponding crack length (a * ) is the maximum length where the tip of the crack is in tension and the value of is positive. After the tip of the crack is compressed and closed. As it is seen in Figure 10 , as β angle increases, the crack length for calculating K I in the lab becomes limited and this should be taken into account while the sample is being made in the lab.
The value of K I is negative for lengths larger than a * . Although it is physically impossible for K I to be negative, but it would be interesting to theoretically evaluate it. To carry this out, the cracked semicircular disc with a crack length greater than a * was subjected to tensile load with the same magnitude as the compressive load. The values for K I under tensile load were the same as the ones under compressive load with positive sign. In Figure 11 , the values of K I under compressive load for a crack length longer than a * are shown. To obtain the constant shape factor of the ECSD(UC), the K I values and the length of the crack (a) should be made dimensionless. In Figure 12 , the normalized stress intensity factor K P Rt a I ≠ against relative crack length is drawn.
As it can be seen from Figure 12 , the pattern of the diagram is similar to that of Figure. 10 with the difference that the horizontal region of the graph has increased and considering the equation = F the shape factor values approach a constant number. As it is evident from Figure 12 , within the range 0.067 ≤ a R ≤ 0.6, almost all lines in the normalized K I -relative crack length ( a R ) diagram are more horizontal and therefore this zone was chosen to select the constant shape factor (F). Then, by calculating the standard deviation and the C ν in the shape factor (F) for all the angles in this range, it was determined that the loading angle β = 2˚ in the range 0.067 ≤ a R ≤ 0.6 has the lowest coefficient of variation in the shape factor which means that in this loading angle, the diagram is more horizontal compared to the other diagrams and has a smaller error. Also, the mean average of the shape factors is obtained with a good approximation. The stress intensity factor, from equation (7), is obtained as follows:
In this equation, F is the shape factor of the disc and is dependent on the geometry of the sample. From Table 2 , this value for the edge crack semicircular disc under uniform compressive load (ECSD(UC)) at an angle equal to β = 2˚ was determined equal to 1.325. Also, the stress intensity factor of the first mode for the cracked semicircular disc with a thickness of 6 mm is obtained through the equation below:
The Simultaneous Effect of Thickness and Crack Length on the Shape Factor of the Cracked Semicircular Disc under Uniform Compressive Load ECSD(UC)
Since in laboratory samples are made and studied with different dimesnions, investigating samples with different crack length and thicknes is of great significance. Since the functional coefficent comes from the shape and geometry of the sample, then samples were studied with different lenght and crack thickness. According to the 5.1 results, sample shape factor at the angle β = 2˚ had the lowest variation coefficient percentage, therefore by keeping the angle β constant, a relationship based on thickness and crack length was proposed to calculate the shape factor of the ECSD(UC). So, ECSD(UC) with a thickness varying from 1 to 30 mm with 1 mm increment and a crack length varying from 1 to 29 mm with 1 mm increment was analyzed while under uniform compressive load. Then, according to the acquired results and based on Figure 13 .a, the value of the normalized stress intensity factor has the lowest C ν within the relative crack length range of 0.067 ≤ a R ≤ 0.8. Also, the normalized stress intensity factor has the lowest C ν within the relative thickness range of 0.067 ≤ a R ≤ 1. Therefore, in order to take the effects of these two factors into account, the two previously mentioned ranges were used in the given relationship.
To observe the effect of both factors on the shape factor, in 3D space, the normalized stress intensity factor has been drawn against relative crack length ( a R ) and relative thickness ( t R ) in Figure 14 . According to Figure 14 , it is clear that for a certain ratio of relative thickness, the normalized K I has a declining trend which is due to the increase of the length of the crack and the tip of the crack approaching the ZOF. Further, for a certain relative crack, the value of the normalized K I follows a lessening trend and as the relative thickness increases, it approaches a constant value. To achieve the equation of Figure 14 , the polynomial regression was employed. The relative crack length is represented by X and the relative thickness is represented by Y. By carrying out 4 regressions Simple planar surface, Bi-linear saddle, Quadratic surface, and Cubic surface and calculating the value of RMSE of the four regressions with the results of the finite element method, it was observed that amongst the four regressions, the Cubic surface regression has the smallest value of RMSE among the four regressions. Table 3 contains the maximum relative error values, RMSE and the coefficients of each of the proposed regressions. Considering the formula K a F I σ π = , the value of F depends on the geometry and the length of the crack. Therefore, considering the relative error percentage in Table 3 , the equation of the Cubic surface regression is recommended and from Eq. (9), the value of the shape factor of the ECSD(UC) within the selected range can be obtained.
By comparing the values of shape factor (F) resulted from mathematical relations and finite element method, the complete agreement of cubic surface relation is revealed. Equation (9) can be used for a wide range of crack lengths and thicknesses and provides an accurate approximation of the shape factor (F). In Figure. 16, the relative error percentage of equation (9) is plotted against numerical results of finite element. According to Figure. 16, a wide spectrum of relative errors is beneath 1 percent which shows a good agreement between mathematical relation and values of finite element. By using relation (9) and figure (16) dimensions of laboratory samples can be made in a way that shape factor would have the lowest error percentage for semi-circular disc under uniform compressive load. 
Conclusions
Using the edge cracked semicircular disc(ECSD) under compressive load is a good method to measure the toughness of brittle materials. This method calculates, with good accuracy, the toughness of the first mode of brittle materials under uniform compressive load. Given that it might be difficult in the lab to apply compressive load to a sample that is not rounded off, rounding off the support area and the location where the load is being applied can solve this problem. In this study, a wide range of rounded-off area and angle β, as well as different crack lengths were investigated. The results showed that the ECSD(UC) with a thickness of 6 mm under uniform compressive load and a round off length corresponding to an angle of β = 2˚ has a constant shape factor of F = 1.325. Considering the variation coefficient percentage, the shape factor of the ECSD(UC) at the angle β = 2˚ was the lowest, by keeping β constant, the effects of relative thickness and relative crack length on the shape factor was assessed and by taking into account the two variables, a relationship was proposed. Given the good agreement between the proposed equation and the numerical results, by considering different thicknesses and crack lengths, the equation can be used to obtain the shape factor of the cracked semicircular disc under uniform compressive load.
